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In previous works, a model based on volume averaging theory to describe heat and
mass transports in two-phase media has been proposed. The main novelty was to con-
sider both mass and volume conservation of the solid phase in order to avoid the intro-
duction of an arbitrarily law binding the pressure to the volume fraction of the liquid
phase. Indeed, this law leads to an equivalent transport coefficient that must be identi-
fied numerically by matching experimental and predicted data in such a way that pro-
cess and internal model become unjustly dependant. Here, the mathematical descrip-
tion is solved. The forecasting of damages and cracks during drying of fully saturated
media incites us to simulate transport phenomena which occur in gel (gelatin) during
this process. Although the one-dimensional configuration which is considered leads us
to reduce the elastic behavior to an ideal shrinkage, the numerical results and the
qualitative comparison to experimental measures provide some confidence in the pro-
posed model. � 2007 American Institute of Chemical Engineers AIChE J, 53: 1703–1717, 2007
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Introduction

Transport phenomena that occur in highly deformable
media during solid liquid separation process have been dis-
cussed by numerous authors.1,2 Most of the materials under
investigation are considered reasonably as two-phase sys-
tems: a solid phase and a liquid phase. Whatever the model-
ing approach may be (averaging theory, irreversible thermo-
dynamics, intuitive equivalence to a continuous medium), a
similar mathematical description which consists of heat,
mass, and momentum conservation laws is needed. Deforma-
tions are always taken into account by using the sum of the
momentum conservation of each phase. Under the commonly
used assumption that the motion of each phase is quasi-
steady, this relation that we will call total momentum conser-
vation represents a mechanical equilibrium of the global
diphasic medium under a load depending on the process; for

instance, it is the shrinkage due to solvent removal during
drying or the pressure applied during filtration and expres-
sion. However, one can distinguish in literature two kinds of
treatment of the total momentum conservation depending on
the stress strain relation that is introduced. Some authors3–5

choose to sum a solid relation and a liquid one. This implies
neglect of the viscosity effects in the liquid rheological law,
but without any consistency, keeping them in the liquid flux
expression as Darcy’s law. Moreover, the measurement of
the stress strain relation for the solid phase seems difficult.
Other authors such as us prefer to consider the rheological
behavior of the total two phase system by introducing a
unique law experimentally determined on the humid medium.
The main inconvenience is then how to treat the unknown
liquid pressure in so far as it does not appear in the total mo-
mentum conservation. Most of the authors circumvent this
difficulty by introducing arbitrarily a phenomenological law,
which supposes that the pressure depends on the liquid vol-
ume fraction.6–11 This law constitutes an important limitation
to the analysis of transport mechanisms. From a physical
point of view, the driving force is undoubtedly without any
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foundations. From a practical point of view, an equivalent
transport coefficient must be identified numerically by match-
ing experimental and predicted data in such a way that fur-
ther validation is rendered without interest. Moreover, what-
ever the process examined, our feeble knowledge in the
mathematical description of the boundary conditions leads to
an internal transport coefficient intimately linked to the pro-
cess. This dependence contrasts obviously with the aim of
proposing a model valid for a wide range of solid liquid sep-
aration processes.

The main novelty of the model proposed in a previous
work of ours12 is that such a coefficient is not introduced
although at the same time a global stress strain relation is
used. A continuum approach based on volume averaging
theory13 was adopted. Conservation equations are first written
for each phase. The macroscopic partial differential equations
are derived by integrating over a representative volume of
these microscopic conservation laws. At this stage, the ques-
tion of how to treat rigorously the area integral in the liquid
and solid momentum balances still remains unanswered. The
solid momentum conservation is replaced by its sum with the
liquid momentum conservation to give the previously dis-
cussed total momentum conservation. By introducing, at the
phase scale, the rheological behavior of a classic fluid for the
liquid phase in the liquid momentum conservation and by
integrating the obtained equation, Darcy’s law is estab-
lished.13,14 This law, which links the average liquid velocity
to the pressure gradient, can be used to replace the liquid
momentum conservation. The assumption that the volume of
each phase is conserved (incompressibility) gives the two
supplementary equations that are necessary to close the mac-
roscopic description. In the literature, only volume conserva-
tion of the solid phase is kept, solid mass conservation being
ignored under the fallacious pretext that the two equations
are redundant. Besides, one can note the incoherence present
in considering mass and volume conservation as similar for
the solid phase and at the same time, in using both volume
and mass conservation for the liquid phase. As a result, there
is one equation missing. In order to fill in this loss, the arbi-
trary link between liquid pressure and liquid volume fraction
leading to the equivalent transport coefficient previously
mentioned is introduced. Here, both volume and mass con-
servation equations are kept for the solid phase in such a

way that the introduction of an nonphysical law becomes
unnecessary.

After being reviewed, the model is solved in order to sim-
ulate transport phenomena which occur during low or middle
temperature convective drying of gelatin. Both the process
and the material have been chosen for the following two
main reasons. Gelatin is a gel that has been well identified in
the past for temperatures in the range of 0–1008C. All the
transport coefficients needed for the simulation are available
in literature.15–18 It is assumed here to consist of a solid
phase and a water phase. For convective drying, closure of
the system by boundary conditions can be obtained correctly
by using the boundary layer theory and the classical Lewis
analogy. Only one-dimensional configuration is considered. It
implies reduction of the elastic behavior to an ideal shrink-
age. However, the numerical results and the qualitative com-
parison to experimental data provide some confidence in the
proposed model.

Modeling

A necessary preliminary to the mathematical formulation
is to define precisely the range of the products which are
concerned. As previously mentioned, media under investiga-
tion are industrial products known as gels. Two kinds of gel
can be distinguished.

� Particulate gels could be described as stacking and
assembling of microscopic domains (1–100 lm). A
schematic representation is proposed in Figure 1a. This
subgroup contains paints, silica, alumina, clays, and
many other oxides.

� Macromolecular gels group contains agarose, gelatine,
starch, polyacrylates, glues, and reticulating varnishes.
As illustrated in Figure 1b, they consist of long interwo-
ven chains of macromolecules. The interlocking can be
fixed covalent bonding such as in polyacrylamide or mo-
bile sliding such as in gelatine.

The complexity and our limited knowledge of the above-
described microstructures contrast with our aim of proposing
a modeling valid for a wide range of material and imply use
of a homogenization method that permits erasing of micro-
scopic heterogeneity. We chose the volume averaging.13,19–22

However, applying the theory imposes the following assump-

Figure 1. Schemes of the microstructure of gels (a), (b) and identification to two continuous phase medium for the
modeling (c).
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tion: the sophisticated microstructure of the gel is ‘‘sim-
plified’’ to two continuous immiscible phases, a liquid and a
solid one (Figure 1c). Indeed, the macroscopic description
(or local scale description) is provided by integrating over a
representative volume the microscopic (or phase scale) con-
servation laws. These laws and the associated boundary con-
ditions linking the two phases are written for each phase on
the basis of the continuum physics. Given the previous defi-
nition of particulate and macromolecular gels, to consider a
two-phase system could be the most important limitation of
our entire analysis. The solid microscopic domains or chains
of macromolecules form perhaps a discontinuous solid phase.
Here, we assume the assimilation to a two-phase system for
modeling purpose.

Although the mathematical developments necessary to
pass from the scale phase description to the local one are not
presented here, both the two descriptions are presented in
order to emphasize the physical origin of the relations used.
All the notations are given in the nomenclature.

Phase scale equations

The mass, momentum, and heat transports are initially
described for each phase by classical balance equations as
well as the boundary conditions in the phase scale, where the
subscripts L and S mean liquid and solid phases respectively.

Liquid Phase. The mass conservation for the liquid phase
is directly represented by the continuity equation:

@qL

@t
þr � qLvLð Þ ¼ 0 (1)

If one assumes a porous structure for the material under
investigation, the characteristic pore diameter 2r is very
small. The characteristic time for flow in porous media
(4r2

�
mL with mL the kinematic viscosity21) is of the order of

1022, 1023, or less. Characteristic times for the liquid–solid
separation processes examined are generally of the order of
minutes. Thus, the process is treated reasonably as quasi-
steady. The small size of the pore allows also neglecting the
gravity. As in literature, we assume that the convective iner-
tial effects are negligible for most problems of interest.13,21

Thus, the liquid momentum conservation equation for a
mono-component phase is

r � s
L
¼ 0: (2)

The energy conservation equation is written

@

@t
qLhLð Þ þ r � qLvLhLð Þ ¼ r � kLrTLð Þ: (3)

Here it is considered that there are no external sources. The
viscous dissipation and the work pressure are neglected. The
validity of these two last assumptions is discussed else-
where.21,22

At this stage, for a fluid phase, mass conservation, momen-
tum conservation, and energy conservation constitute five
scalar equations, which are not enough to describe phenom-
ena. One more equation is necessary to obtain the six scalar
unknowns: density, the three components of the velocity,

temperature and the liquid pressure, which comes from the
rheological behavior of the newtonian liquid. The additional
equation can be provided by considering the flow of the liq-
uid phase as incompressible

qL ¼ cst: (4)

Let us underline that this last equation is not a simplifica-
tion of the mass conservation (1) but a new independent
relation that expresses the volume conservation. Indeed,
relation (4) in relation (1) leads to the typical equation
obtained when the volume of a domain remains constant
during motion:

r � vL ¼ 0: (5)

Solid Phase. Under the same assumptions, a description
similar to the liquid phase one is obtained for the solid
phase:

@qS

@t
þr � qSvSð Þ ¼ 0; (6)

r � s
S
¼ 0; (7)

@

@t
qShSð Þ þ r � qSvShSð Þ ¼ r � kSrTSð Þ: (8)

It is also reasonable to consider the movement of the solid
phase as incompressible:

qS ¼ cst: (9)

Contrary to (4) for the liquid phase, this last equation is
not necessary to provide a complete modeling of the solid
phase. Indeed, the five scalar equations consisting of mass,
momentum, and energy balances lead to the five scalar
unknowns: density, the three components of the velocity, and
temperature. Contrary to liquid or gas, pressure does not
appear in stress–strain relation of the solid phase. To sum
up, Eq. 9 is an extra equation for the solid phase. Rigorously,
it means that one equation should be removed. In literature6–11

the mass conservation equation for the solid phase is com-
monly chosen. However, in this work all equations are kept
at this moment because this extra equation will be helpful to
not use a phenomenological law later. In fact, the average of
this extra equation, Eq. 9, will replace the arbitrary link
between averaged liquid pressure and liquid volume fraction
introduced in literature.

Boundary Conditions. The boundary conditions at the
liquid–solid interface close the phase scale description:

qL vL � wð Þ � nLS ¼ 0; (10)

qS vS � wð Þ � nSL ¼ 0; (11)

s
L
� nLS þ s

S
� nSL ¼ 0; (12)

TS ¼ TL ¼ T; (13)

kLrTLð Þ � nLS þ kSrTSð Þ � nSL ¼ 0; (14)

where nLS and nSL are unit vectors normal to the common
surface of the solid and liquid phases.
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At this point, transport phenomena are described rigor-
ously. However, the solution of these equations requires
knowledge of the microscopic geometry and a very important
computational time. The volume averaging allows overcom-
ing of this difficulty and leads to the local scale description
constituted of the averaged previous equations.

Local scale equations

The development, details, and hypothesis to obtain the
local scale equations can be found notably in Refs. 13, 21,
and 23 and are reviewed in Ref. 14. In this work, only the
summary of the local scale equations obtained by the method
of the volume averaging is presented. By integrating over the
representative volume V the phase scale conservation laws,
the value of any physical quantity C associated to the phase
a (¼ L; S) at a point in space is given by its average value
on the averaging volume V centered on this point. One can
distinguish the phase average �C and the intrinsic phase aver-
age �Cadefined respectively as

�C ¼ 1

V

Z
Va

CadV;

�Ca ¼ 1

Va

Z
Va

CadV;

where Va is the volume of the phase a within the averaging
volume V. The deviation of C, difference between the phase
scale value and the intrinsic phase average, can appear when
a product is averaged:

~C ¼ C� �Ca:

First of all, the two parameters which are induced by the
change in scale have to be introduced. The volume fractions
for the two phases are linked as the medium remains fully
saturated during the overall process,

eS þ eL ¼ 1; (15)

with

ea ¼ Va=V; a ¼ L; S:

This means the theory implies one unknown that is not an
averaged value of one unknown defined at the phase scale. It
is why the volume conservation (9) of the solid phase, which
was an additional equation at the phase scale, must be kept
and averaged at the same time when the mass conservation
(6) is averaged. Thus, number of equations and number of
unknowns will be the same without introducing supplemen-
tary nonphysical laws.

Averaged equations for the mass, momentum, and heat
transports obtained from the liquid phase Eqs. 1–4 are

@�qL

@t
þr � �qL�v

L
L

� �
¼ 0; (16)

r � �s
L
þ 1

V

Z
ASL

s
L
� nLSdA ¼ 0; (17)

@

@t
�qL

�hL
L

� �
þr � �qL

�hL
L�v

L
L

� �

¼ r � kL r �TL þ 1

V

Z
ASL

TLnLSdA

0
B@

1
CA� �qL

L
~hL~vL

2
64

3
75 ð18Þ

þ 1

V

Z
ASL

kLrTL � nLSdA;

�qL
L ¼ cst: (19)

In the same way the Eqs. for the solid phase 6–9 produce

@�qS

@t
þr � �qS�v

S
S

� �
¼ 0; (20)

r � �s
S
þ 1

V

Z
ASL

s
S
� nSLdA ¼ 0; (21)

@

@t
�qS

�hS
S

� �
þr � �qS

�hS
S�v

S
S

� �

¼ r � kS r �TS þ
1

V

Z
ASL

TSnSLdA

0
B@

1
CA� �qS

S
~hS~vS

2
64

3
75

þ 1

V

Z
ASL

kSrTS � nSLdA; ð22Þ

�qS
S ¼ cst: (23)

The previous momentum and energy conservation equa-
tions contain area integrals and deviations which can not be
computed. The following last part is devoted to the treatment
of these terms.

Concerning the energy conservations (18) and (22), the hy-
pothesis of the thermodynamical equilibrium24 is assumed
commonly:

�TL
L ¼ �TS

S ¼ �T: (24)

With this assumption and the boundary condition (14), the
sum of Eqs. 18 and 22 leads to

@

@t
�qS

�hS
S þ �qL

�hL
L

� �
þr � �qS

�hS
S�v

S
S þ �qL

�hL
L�v

L
L

� �

¼ r � k
eff

� r �T
� �

; ð25Þ

with

�hL
L

�T; eLð Þ ¼ CpL
�T � Trefð Þ � DH

L

D
�T; eLð Þ; (26)

�hS
S
�Tð Þ ¼ CpS

�T � Trefð Þ; (27)

and by assuming
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k
eff

� r �T ¼ kSr �TS þ kLr �TL þ kS � kL

VZ
ASL

TnSLdA� �qS
S
~hS~vS � �qL

L
~hL~vL: ð28Þ

The conductivity tensor k
eff

is given by experiments and
DH

L

D designates the desorption enthalpy which has to be
added to the latent heat of vaporisation in order to eliminate
the bound liquid. Equation 26 expresses both the enthalpy of
the bound and free liquid phase from the state of reference
defined as the free liquid phase at Tref. If the liquid phase is
free, the desorption enthalpy DH

L

D is equal to zero.
The problem of area integrals in the energy conservation

equations is then solved by replacing Eqs. 18 and 22 by Eqs.
24 and 25.

In the same way, the sum of the momentum conservation
Eqs. 17 and 21 can be used to remove partially the difficulty
induced by the microscopic terms. The result replaces the
solid momentum conservation. Thus, by adding and taking
into account the boundary condition 12, we obtain for the
total momentum conservation

r � �s ¼ 0; (29)

with

�s ¼ �s
L
þ �s

S
: (30)

Under the quasi-steady hypothesis, the Eq. 29 represents suc-
cessive mechanical equilibrium states of the deformable me-
dium under the load induced by the shrinkage due to liquid
removal.

At this stage, only the area integral in the liquid momen-
tum balance 17 remains. To circumvent this main difficulty,
the first classical step is to replace the Eq. 17 by the Darcy’s
law derived rigorously from the integration of the liquid mo-
mentum conservation 2 in which the rheological behavior of
the newtonian liquid phase has been introduced,13,14,21

�vL
L � �vS

S ¼ � 1

eLlL

K � r �PL
L: (31)

Two kinds of treatment of the total momentum conserva-
tion (29) depending on the stress strain relation which is
introduced can be distinguished. A first technique consists in
adding an averaged liquid relation and a solid one.3–5 The

rheological behavior of the liquid phase is justly considered
as newtonian and the average of the viscous stress tensor is
always neglected. The solid stress strain relation has to be
determined experimentally.

�s ¼ �eL
�PL

LI þ �s
S
: (32)

The main advantage of this approach is that the introduc-

tion of Eq. 32 in the total momentum conservation 29 and an

adequate combination of the other conservation equations

allow obtaining of the liquid volume fraction without the cal-

culation of the liquid pressure. However, to neglect in the

liquid rheological law the viscosity effects, but at the same

time, to keep them in the liquid flux expression as Darcy’s

law (Eq. 31) constitutes a contradiction, which encourages

us—as it has other authors6–11—to adopt a second method.

The rheological behavior of the total two phase system is

considered by introducing a unique law experimentally deter-

mined in order to express the total stress tensor �s in term of
strain.

For instance, the dependent moisture stress–strain relation

for an elastic behavior can be expressed as follows:

�s ¼ k eLð Þtre� þ 2l eLð Þe�: (33)

In the above expression, e�is the elastic strain tensor and
is not the total strain tensor e associated to the total shrink-
age. Indeed, most of the total strain is induced by the volume
change due to the liquid migration. By noting ev the tensor
which characterizes this volumetric strain, it ensues:

e ¼ e� þ ev: (34)

In term of displacements, this tensor is given by:

e ¼ 1

2
r� �uð Þ þ r� �uð ÞT

h i
: (35)

As it is indicated by Eq. 34, the volumetric shrinkage

would be the real shrinkage value if the material did not

build up stresses during the process (case of ideal shrinkage).

The supplementary elastic stress influences the shrinkage by

reducing it to smaller values due to internal forces acting

against the free deformation. The rheological functions

known as Lamé’s parameters depend on moisture and as pre-

viously mentioned, they have to be measured by experiments

carried out on the humid medium.
Undoubtedly more accurate on a technical point of view,

use of the total stress tensor induces a main inconvenience:

how to treat the unknown liquid pressure in so far as it does

not appear in the total momentum conservation. Most of the

authors circumvent this difficulty by postulating arbitrarily a

phenomenological law which supposes that the liquid pres-

sure is linked to the liquid volume fraction6–11:

�PL
L ¼ f ðeLÞ: (36)

This phenomenological law in the Darcy’s law (Eq. 31) leads

to

�vL
L � �vS

S ¼ �D � reL; (37)

where an equivalent transport tensor D appears:

D ¼
K

lLeL

@ �PL
L

@eL

: (38)

Two situations have to be distinguished. If the solid mass

conservation Eq. 6 has been removed at the phase scale

under the assumption of the incompressibility Eq. 9, the

above relation 36 is an additional equation which enables

the closure of the problem by ensuring the equality between

the number of unknowns and the number of equations (let us

remember that the change in scale implies one more

unknown, see the beginning of the section entitled ‘‘local

scale equations’’). If both solid mass conservation Eq. 6 and

incompressibility relation 9 have been kept and averaged to
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give Eqs. 20 and 23 respectively, the above relation 36 is an
additional equation that avoids the numerical resolution of

one of the averaged conservation laws. Usually, the mass
conservation of the solid phase Eq. 20 is eliminated. What-

ever the case, the law 36 prevents a rigorous analysis of

transport phenomena. Indeed, this relation being without
physical foundations, the mathematical relation in order to

express the liquid pressure in term of liquid volume fraction
is not available. Contrary to the permeability tensor K, D

cannot be determined experimentally. It has to be identified
numerically by matching experimental and simulated data.
Whatever the experimental set-up, the poor knowledge in the
mathematical description of the boundary conditions leads to
an internal transport coefficient intimately linked to the appa-
ratus. This dependence is not admissible when the aim is to
propose a model in order to describe internal transports valid
for any solid liquid separation process. Besides one can
underline that experimental validation becomes irrelevant.

Here, we avoid introducing Eq. 36 by taking inspiration
from previous studies dealing with multicomponent mass
transport during dehydration impregnation soaking.25,26

Rather than being removed under the assumption of the
incompressibility of the solid phase 23 or under the introduc-
tion of the nonphysical law 36, the solid mass conservation
20 enables the unknown liquid pressure �PL

L to be computed.
By introducing the volume fraction of the solid phase, the

Eq. 20 becomes

@

@t
eS�q

S
S

� �
þr � �qS

S�vS

� �
¼ 0: (39)

Taking into account the incompressibility 23, it ensues

@eS

@t
þr � �vS ¼ 0: (40)

The same procedure is done for the Eq. 16 and the result is
added to Eq. 40

@

@t
eL þ eSð Þ þ r � �vL þ �vSð Þ ¼ 0: (41)

Applying the Eq. 15, it results

r � �vL þ �vSð Þ ¼ 0: (42)

Introducing the Darcy’s law (Eq. 31), it gives finally

r � �vS
S �

1

lL

K � r �PL
L

� �
¼ 0: (43)

The intrinsic average pressure of the liquid phase is pro-
vided by the numerical resolution of Eq. 43, the solid veloc-
ity resulting from the momentum conservation of the homog-
enized two-phase medium 29.

To sum up, the model consists of the following averaged
equations: the mass conservation equations for each phases 16
and 20, the volume conservation Eqs. 19 and 23 known as
incompressibility relations, the momentum conservation Eqs.
29 and 31 which is the Darcy’s law, the energy conservation
Eqs. 24 and 25 and finally the diphasic state Eq. 15. Here, liq-
uid pressure is an unknown which has to be calculated as liq-
uid volume fraction, solid velocity and temperature.

A first step in the numerical resolution of this model has
been undertaken in order to simulate one-dimensional con-
vective drying of gelatin.

Application to One-Dimensional
Convective Drying

In this part, the previous model is applied to convective
drying. This process, widely described in literature, enables
use of the entire model contrary to compression, for instance,
which eliminates the heat transport. Moreover, closure of the
system by boundary conditions is acceptable by using the
boundary layer theory and the classical heat and mass trans-
fer analogy in order to express fluxes. The two-phase me-
dium hypothesis imposes the choice of a highly deformable
product like a gel for example. Indeed, the moisture depar-
ture is exactly compensated by the solid shrinkage, which
prevents the appearance of free spaces for the vapor phase.
In this work, the simulations are performed on an elastic gel-
atin gel. This choice is justified by the existence of a great
number of accessible data concerning this material.15–18

First, the classical phenomenology of convective drying is
reviewed. Then, the initial and boundary conditions are pre-
sented as well as the medium properties. To finish, the
results of two simulations are analyzed and compared to
experiment.

Classical phenomenology of convective drying

The product is exposed to an air flow for which the tem-
perature T?, the relative humidity RH?and the velocity v?
are constant. Drying is performed at the atmospheric pressure
and with a temperature T? lower than 1008C. In order to
apply the model, a porous structure is supposed for the gel.
The moisture is then present under two different forms.

� Free water: The water is not bounded to the solid. The
water activity aw is equal to 1 and consequently physical
properties of free water are the same that pure liquid
water ones. The required energy for evaporation is the
vaporization enthalpy of water.

� Bound water: Water is physically adsorbed on the solid
phase. The water activity aw is less than 1 and is given by
the desorption isotherms characteristic of the hygroscopic
equilibrium. The required energy to pull bound water out
the solid is called desorption heat. This energy is higher
when the water molecule is closer to the solid wall.

As bound water evaporation requires more energy (the
sum of vaporization and desorption enthalpy), its elimination
is posterior to the free water one. When all the free water
has disappeared, the material is said to be in the hygroscopic
field. The two-phase hypothesis of the model imposes that
moisture (free water as well as bound water) always fills
completely the free spaces within the solid.

First of all, let us specify that it is considered that the con-
vective transport of the moisture resulting from the pressure
gradient of the liquid phase is created and controlled by the
capillary pressure evolution at the surface of the two-phase
medium.27,28 Indeed, the contact between the air, the solid,
and the liquid phase at the surface of the gel imposes neces-
sarily the appearance of a meniscus associated to the capil-
lary pressure PC (Figure 2) usually defined by:
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PC ¼ 2s cos h
r

; (44)

where s, h, and r represent the surface tension of the fluid,
the wetting angle, and the pore radius, if one assumes a po-
rous structure for the gel.

Both the actions of the evaporation (wetting angle
decrease) and of the shrinkage (pore radius diminution) lead,
in accordance with Eq. 44, to a capillary pressure increase.
Under the hypothesis, very reasonable for a low and medium
temperature convective drying, that the air pressure keeps
constant and equal to the atmospheric pressure Patm, the cap-
illary pressure growth imposes a diminution of the liquid
phase pressure according to the relation

�PL
L ¼ Patm � PC: (45)

The pressure gradient resulting from the diminution of �PL
L at

the surface is then responsible for the liquid phase movement.
Classically, the convective drying of a hygroscopic mate-

rial shows four different steps.
� A very short transient period compared to the whole drying

process, corresponds to the heating of the product to the
wet bulb temperature Th, characteristic of the drying air.

� A constant evaporation rate phase, often isenthalpic,
which is similar to the evaporation of a liquid water
film. During this period the temperature remains con-
stant and is equal to the wet bulb temperature Th. This
phase carries on so long as the surface is supplied with
free moisture from inside the material. The heat flux
exchanged by convection between the air and the prod-
uct is entirely used to evaporate water.

� A first slowing down period begins when the material
surface reaches the hygroscopic field boundary water con-
tent (Whygr). Then, a part of the product is in the hygro-
scopic field within which there is bound water migration.

� A second slowing down phase appears when the whole
material is in the hygroscopic field. At this time, only
bound water is eliminated. The evaporation rate decreases
more quickly than in the former period. This period ends
when the material reaches the equilibrium moisture con-
tent Weq, which depends on drying conditions.

From now on, even before performing simulations, some
reserves can already be advanced on the representation of the
slowing down phases at the end of drying because of the
model hypothesis.

� First, the two-phase hypothesis prevents from taking
into account the creation of porosity and the appearance

of a vapor phase which can occur when the solid phase
definitively locks mechanically.

� Second, in this model, the convective transport of mois-
ture results from the pressure gradient of the liquid phase
created by the capillary pressure evolution at the surface
of the two-phase medium. This mechanism, physically
true for free water, becomes a hazardous extrapolation for
bound water as the capillary pressure is not well defined
for the weak moisture contents. The transport process of
bound water is undoubtedly different but the way to
describe it at the scale of continuum mechanics has not
been exanimate during this work.
Obviously, the classical approach in literature which con-
sists in linking the convective transport of moisture (free
water as well as bound water) to the water content gradient
using a nonphysical law enables to avoid these problems at
the end of drying. Nevertheless, for the reasons already
developed in this manuscript, this phenomenological
approach is still rejected.

Now, in order to apply the model to the drying of a gelatin
gel and to perform the simulations, the initial and boundary
conditions as well as the physical properties of the product
have to be defined.

Initial conditions

Initials fields of liquid pressure, liquid volume fraction and
temperature in the medium are uniform:

t ¼ 0; 8x3
�PL

L ¼ �PL
L

0; (46)

t ¼ 0; 8x3 eL ¼ e0
L; (47)

t ¼ 0; 8x3
�T ¼ �T0: (48)

Boundary conditions

As previously stated, boundary conditions are obtained by
using the boundary layer theory and the classical heat and
mass transfer analogy in order to express the fluxes.

�qS
�hS

S �vS
S � wsurf

� �
þ �qL

�hL
L �vL

L � wsurf

� �
� k

eff
� r �T

� �
� n ¼

hTð �Tsurf � T1Þ þ hmðqvsurf � qv1Þhvsurf ; ð49Þ

�qL �vL
L � wsurf

� �
� n ¼ hmðqvsurf � qv1Þ: (50)

Here hvsurf is the enthalpy of the vapor evaluated at the
surface temperature �Tsurf ,

hvsurf ¼ Cpv
�Tsurf � Trefð Þ þ DHref

v ; (51)

and qvsurf is the mass concentration of vapor at the surface of
the two-phase medium, more precisely the concentration at
the interface between the liquid phase and the ambient air.
This concentration is given by assuming that the ambient air
is a perfect mixture of ideal gas:

qvsurf ¼ MvPvsurf=R �Tsurf

The vapor pressure at the surface is calculated from the
water activity under the classical assumption of the thermo-
dynamical equilibrium

Figure 2. Capillary pressure and evolution due to
shrinkage.
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Pvsurf ¼ awPvsat surf ;

where Pvsat surf is the saturation vapor pressure evaluated at
�Tsurf . The vector wsurf is the velocity of the interface between
the two-phase medium and the external fluid. This velocity
can be easily evaluated by noting that the surface of the gel
sample considered here is not permeable to the solid:

�qS �vS
S � wsurf

� �
� n ¼ 0: (52)

From Eq. 52, it ensues immediately that

�vS
S � n ¼ wsurf � n: (53)

Hence, Eqs. 49 and 50 can finally be written as follows:

�
�qL

�hL
L �vL

L � �vS
S

� �
� k

eff
� r �T

�
� n ¼

hTð �Tsurf � T1Þ þ hmðqvsurf � qv1Þhvsurf ; ð54Þ

�qL �vL
L � �vS

S

� �
� n ¼ hmðqvsurf � qv1Þ: (55)

The last condition available is associated to the total mo-
mentum conservation 29. By neglecting the effects of the
ambient pressure, the stress continuity at the interface allows
the equation

s � n ¼ 0: (56)

It must be stressed that only one condition related to mo-
mentum conservation is written although there were two
original momentum conservation equations, one for each
phase. It means one boundary condition misses undoubtedly.
According to the phenomenology previously described, one
can imagine that the missing relation could be provided by
the experimental knowledge of the capillary pressure at the
interface between the diphasic medium and the ambient air.
At the surface, we would have:

�PL
L ¼ Patm � PC eLð Þ (57)

Equation 57 should ensure a unique solution �PL
L for the

Eq. 43. However, any data concerning capillary pressure and
how to measure it in our case can be found in literature.
Then, because only the gradient has an influence on the other

unknowns of the problem, we decide to solve the Eq. 43
without the condition 57 by using a method that preserves
the gradient. This technique, called singular value decompo-
sition method,29 is not detailed here.

Physical properties of the gelatin gel

Physical parameters15,17 of the two-phase medium are
given in the Table 1.

Before presenting our results, we would like to focus on
three points.

� Because of the absence of information on permeability, an
expression (Table 1) that imposes a decrease with the vol-
ume fraction of liquid has been chosen to carry out simu-
lations. This parameter seems to be difficult to measure
experimentally for a deformable medium. Consequently,
this determination constitutes a practical perspective of this
work using the numerical code by inverse method.

� The one-dimensional configuration which is considered
leads us to reduce the elastic behavior to an ideal
shrinkage. We suppose that the material do not build up
stresses during the process, and then, the volumetric
shrinkage is the real shrinkage. We have

e ¼ ev (58)

Calculation of the load induced by the volume change
due to solvent removal is based on the following spheri-
cal volumetric strain tensor

ev ¼ evI with ev ¼ 1

3

DeL

1 � eL

(59)

In this relation, DeL represents the variation of the liquid
fraction between the current and the previous time step
of the time discretization.

� As previously mentioned, the thermal conductivity of
the two-phase medium should be measured experi-
mentally in function of the water content. As we do
not have these data at our disposal, we use the simple
expression given in Table 1.

Simulation results and analysis

Simulations are carried out with a constant time step (dt
5 0.1 s) in 1D configuration following the sample thickness

Table 1. Physical Parameters of the Two-Phase Medium

�qs
s Density of the solid phase (kgm23) 1341

K Permeability (m2) 10�11 � e3
L

CpS Heat capacity of the solid phase (Jkg21K21) 1804
CpL Heat capacity of the liquid phase (Jkg21K21) 4182
keff Thermal conductivity of the two-phase medium (Wm21K21) keff ¼ eLkL þ eSkS

kL ¼ 0:6071
kS ¼ 0:3334

Whygr Moisture content limit between free and bound water 0.3
aw Water activity 1 if W[Whygr

else W� ¼ awA
1�Bawð Þ 1þCawð Þ

D �HL
D Desorption enthalpy (Jkg21) 0 if W[Whygr

else exp 7:0078 � 93:5125W2:5
� �

3 103

Rheology Lamé coefficients k ¼ �9:92 3 108 þ 8:583109 exp �eLð Þ
l ¼ exp 21:82 � 11:91e1:5

L

� �
*A ¼ �0:0002 �T2 � 0:0142 �T þ 2:9099, B ¼ 0:0022 �T þ 0:7226, C ¼ �0:0028 �T2 þ 0:0327 �T þ 22:629.
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(e 5 0.01 m). This thickness is discretized by 51 nodes
regularly spaced at t 5 0. Two drying conditions are simu-
lated with the numerical code (Table 2): a soft one (condi-
tion 1) and a hard one (condition 2). In the numerical code,
hT is imposed rather than being calculated from the air ve-
locity.

Profiles and kinetics of liquid phase pressure �PL
L, of water

content W and of temperature �T for the two drying condi-
tions given in Table 2, are presented in Figures 3 and 4. The
water content W is deduced from the liquid volume fraction
as follows:

W ¼ eL�qL
L

1 � eLð Þ�qS
S

For the kinetics, the evolutions of these variables are given
at the surface x3 ¼ e tð Þ½ � and at the center x3 ¼ e tð Þ=2½ � of the
medium. Moreover, the shrinkage velocities of the two-phase
medium are equally plotted during the whole simulation
(Figure 5). Nevertheless, for a clearer representation, these ve-
locity profiles are only shown for the [e(t)/2, e(t)] field.

Table 2. Drying Air Characteristics Selected for the
Two Simulations

Drying Air Characteristics

T? (8C) RH? (%) hT (Wm22K21)

Condition 1 35 55 10
Condition 2 75 20 15

Figure 3. Kinetics and profiles of the liquid phase pressure (a), of the moisture content (b), and of the temperature
(c) for the simulation condition 1 (Table 2).
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The simulated process follows the drying kinetic given in
the Figure 6.

The physical phenomenon analysis, from the simulation
results and consequently from the mathematical model, is car-
ried out for each of the observed drying phases (points A, B,
and C in the Figure 6). These points A, B, and C correspond
respectively to the simulation times 5 min, 4 h, and 8 h for the
condition 1. The analysis is also valid for the condition 2.

Transient Period (Point A). The appearance of the liquid
phase pressure gradient is shown in the Figure 7. It can be
observed equally in the pressure kinetics (Figures 3a and 4a),
in which a divergence between the values at the surface and
at the center of the material is visible. This gradient, very
small at the beginning, increases as the medium temperature
gets closer to the wet bulb one.

The comparison of the pressure and the water content pro-
files given in the Figure 8 underlines the sensible difference
between the gradients of these two variables. Contrary to the
literature assertions any link can be observed between the
moisture content gradient and the convective transport of the
liquid phase. For instance, the movement of the liquid phase
at the center of the material (r �PL

L 6¼ 0) would not exist if
the moisture content gradient was the driving term
(rW ¼ 0). This comment can be spread to the whole process
(Figures 9 and 10).

As only a part of the heat supplied by the drying air is
used to evaporate water, the material is heated until its tem-
perature reaches the wet bulb temperature value (27.28C for
the condition 1 and 458C for the condition 2, (Figures 3c
and 4c)).

Figure 4. Kinetics and profiles of the liquid phase pressure (a), of the moisture content (b), and of the temperature
(c) for the simulation condition 2 (Table 2).
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Constant Evaporation Rate Phase (Point B). Once the
wet bulb temperature value is reached, the temperature stabil-
izes uniformly within the material (Figures 3c and 4c). The
whole heat supplied by the air is consumed by the water
evaporation at the surface with a constant rate (Figure 6).

Pressure gradients (Figures 3a and 4a) drive the convec-
tive transport of the free water towards the surface (Figure
9). As a consequence to this movement, the solid matrix
gets out of shape and shrinks in the opposite direction
(Figure 5) to fill the free spaces liberated by the liquid
phase. In accordance with the great departure of water near
the surface, the solid phase velocity shows a stronger
increase in this area (Figure 5).

As previously explained, during drying progress, the liq-
uid pressure profile is moving to lower values because of
the capillary pressure augmentation. As the liquid phase
pressure near the surface is reduced, the values of the whole
field of pressure within the material also decrease because
the gradient keeps constant, in coherence with the constant
evaporation rate at the surface. In spite of the liquid pres-
sure profile displacement towards lower values, the pressure
gradient within the sample keeps sensitively the same level.
This is illustrated in kinetics 3a and 4a, by the same diver-
gence held between the liquid phase pressure at x3 5 e(t)
and x3 5 e(t)/2 during this phase. This gradient, depending
on drying conditions, results in a greater transport of the
free moisture in the condition 2. Consequently, this is the
condition for which the sample reaches the hygroscopic
field the earlier (Whygr 5 0.3).

First Slowing Down Period (Point C). This phase begins
as soon as the surface enters the hygroscopic field. The
decrease of the evaporation rate due to the reduction of the
water activity involves an excess of heat which gives rise to
an augmentation of the surface temperature. By conduction,
the heat flux reaches quickly the center of the material. The
temperature increases to the value of the air one which points
out the end of drying (Figures 3c and 4c).

Let us remind that in the model, the hygroscopic behavior
of the material is taken into account only through the change
of the water enthalpy due to the appearance of the desorption
enthalpy within the material and through the reduction of the

water activity following the desorption isotherms at the sur-
face. The diminution of the water activity is responsible for
the evaporation rate decrease.

As previously explained in this manuscript, contrary to
free moisture, the movement of bound water is certainly not
caused by the gradient of the liquid phase pressure induced
by the capillary pressure evolution. As a consequence, the
phenomenon analysis during this slowing down period is lim-
ited to the verification of the coherence between the simu-
lated results and the mathematical model.

The main observation consists in an augmentation of the
pressure gradient at the surface despite the flux diminution
(Figures 3a, 4a, and 10). This variation is due to a quick
decrease of the permeability with the liquid volume fraction
given by the relation (Table 1):

K ¼ 10�11 � e3
L (60)

The drying of the surface is then shown by a faster dimi-
nution of the pressure profile during this last phase (Figures
3a and 4a).

The surface moisture content reaches its equilibrium value,
given by the desorption isotherms, and keeps constant. Con-

Figure 5. Profile of the solid phase velocity for the condition 1 (a) and the condition 2 (b) (Table 2).

Figure 6. Drying kinetic for the simulation condition 1
(Table 2).
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sequently, at the surface, the liquid volume fraction is also
constant and as indicated by the Eq. 60 the permeability
does not vary anymore. The evaporation rate reduction then
imposes a pressure gradient decrease at the surface. The liq-
uid pressure stabilizes around the values of 101,235 Pa for
the condition 1 and 101,058 Pa for the condition 2 with
quasi-flat profiles (only an exaggeration of the scale enables
to see the bends).

Once the liquid pressure is constant and uniform within
the sample, the driving term of the convective transport, that
is to say the liquid phase pressure gradient, disappears. Con-
sequently the material does not dry any more; its water con-
tent stabilizes but with a nonflat profile. Drying seems to be
finished whereas the material heart is far from entering the
hygroscopic field. This analysis explains the absence of the
second slowing down period observed in the drying kinetics
and illustrated in the Figure 6 for the condition 1.

These results, even if they are logically coherent with the
physical mechanisms scheduled by the model, are not com-
pletely satisfying. Indeed, on one hand, the final moisture

content is very high within the material and on the other
hand, it is usual experimentally to finish the process with flat
profiles. Even if the limits of the model at the end of drying,
already underlined, such as the absence of a rigorous descrip-
tion of the bound water transport or the impossibility of the
appearance of a vapor phase, constitute a probable explana-
tion, experimental tries are performed with the aim to com-
pare the results to the simulated one.

Confrontation to Experiments. As only moisture content
profiles show a nontypical behavior, analysis are concen-
trated on this parameter, without taking care of temperature
repartition. It is reminded that these experiments are not car-
ried out in order to validate quantitatively the model, but to
provide some confidence in a physical description without fit-
ted parameter. Indeed, for the simulations, some physical
properties of the gel such as the permeability have been
imposed arbitrarily. The selected drying condition (T1 5

358C, RH1 5 55%, and V1 5 1 m s21) corresponds to the
simulated condition 1.

Figure 7. Liquid phase pressure profile at t 5 2 min
and t 5 4 min for the simulation condition 1
(Table 2).

Figure 8. Liquid phase pressure and moisture content
profiles at t 5 5 min for the simulation condi-
tion 1 (point A in Figure 6).

Figure 9. Liquid phase pressure and moisture content
profiles at t 5 4 h for the simulation condi-
tion 1 (point B in Figure 6).

Figure 10. Liquid phase pressure and moisture content
profiles at t 5 8 h for the simulation condi-
tion 1 (point C in Figure 6).
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Gelatin samples are obtained by a sol–gel transition pro-
cess. The gelatin is mixed with water to be hydrated during
25 min. Then the mixture is maintained at a constant temper-
ature of 558C during 30 min which leads to a colloidal solu-
tion. This solution is injected in a mould where it is cooled
to obtain a 0.015 m thickness and 0.038 m diameter gel sam-
ple. The one-dimension drying is imposed by isolating the
lateral surfaces with paste. The sample is then pasted verti-
cally on a stand in the drying tunnel as shown in Figure 11.

The water contents profiles are determined by slicing the
sample after different times of drying (Figure 12). As this
method is destructive, each profile corresponds to one manip-
ulation. This method which is the simplest to carry into
effect is not more accurate for at least two reasons:

� It supposes a perfect reproducibility between two suc-
cessive tries,

� Moisture can be lost during slicing.
Nevertheless, as our objective is just a qualitative valida-

tion as previously mentioned, this method is sufficient. For a
quantitative validation, nondestructive techniques, such c-
rays, NMR, etc., will have to be privileged.

Each slice is then heated to 1008C in an oven during 24 h
to determine its dry weight and to deduce its moisture con-
tent. Figure 13 shows the obtained results and compares
them with the corresponding simulated one.

At the beginning of drying (until t 5 5 h) the experimental
and simulated profiles show similar appearances (Figure 13).
The moisture is essentially eliminated near the surface. Con-
sequently, the water content gradients appear only near the
surface and do not exist within the material. The choice of
this work to treat the water convective movement with its
natural driving term, that is to say the liquid phase pressure
gradient is reinforced by the qualitative agreement between
the calculated and experimental curves.

It is impossible to determine the moisture content profiles
after 30 h of drying. Indeed, samples become rigid and very

hard, essentially at the surface, preventing from slicing.
Nevertheless, after 70 h of drying, the average water content
of a sample has been measured to 0.25, a value greatly lower
than the one reached within the material during simulations.
The limits of our model at the end of drying previously men-
tioned can explain these divergences. Firstly, it does not take
into account the creation of porosity at the surface with the
appearance of a vapor phase and the flow through this porous
bed. A perspective to this work consists in joining this model
to a three phase one used for classical porous media.30 Sec-
ondly, the treatment of the convective transport as resulting
from the liquid phase pressure gradient is not adapted to
bound water.

Conclusion

The model solved in this work allows describing the heat
and mass transports during drying of deformable media con-
sidered as an immiscible two-phase system. A continuum
approach based on volume averaging theory is adopted. The
main novelty is that although a global stress strain relation
for the homogenized medium is used, no arbitrary link

Figure 11. Situation of the sample in the drying tunnel.

Figure 12. Slicing of the sample.

Figure 13. Experimental (a) and simulated (b) moisture
content profiles.
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between liquid pressure and liquid volume fraction leading to
an equivalent transport coefficient is introduced. Indeed, as
this coefficient must be identified numerically by matching
experimental and predicted data, it is unjustly linked to the
experimental set-up because of the approximations in the
description of the boundary conditions. Here, as for the liq-
uid phase, both volume and mass conservation equations are
kept for the solid phase. These two independent equations,
rather than one of the two as it is commonly the case in liter-
ature, enable the unknown liquid pressure to be calculated
rigorously.

Low or middle temperature convective drying of gelatin is
the example chosen in order to illustrate the capacity of the
model. Only one-dimensional configuration is considered in
such a way that the elastic behavior is reduced to an ideal
shrinkage. However, the numerical results and the qualitative
comparison to experimental data provide some confidence in
the proposed model and motivate undoubtedly a two-dimen-
sional resolution that will allow taking into account the rheo-
logical behavior.

Notation

ASL5 area of solid-liquid phases interface within the averaging
volume, m2

aw5 water activity
cst5 constant value
Cp5 constant pressure heat capacity, J kg21 K21

e5 thickness of the sample, m
ha5 enthalpy per unit mass of the a-phase, J kg21

hm5 mass transfer coefficient, m s21

hT5 heat transfer coefficient, W m22 K21

hvsuf5 enthalpy per unit mass of the vapor at the surface of the two
phase medium, J kg21

D5 equivalent transport tensor, m2 s21

I5 tensor identity
K5 permeabilities tensor, m2

Mv5 molar mass of the vapor, kg mol21

n5 outward unit normal vector, m
nab5 unit normal vector pointing from the a-phase toward the b-

phase, m
Patm5 atmospheric pressure, Pa
PC5 capillary pressure at the surface of the two phase medium,

Pa
PL 5 pressure of the liquid phase, Pa

Pvsat surf5 saturation vapor pressure at the surface of the two phase
medium, Pa

r5 pore radius, m
R5 ideal gas constant, J mol21 K21

RH15 relative humidity of the ambient air, %
t5 time (s)
T5 temperature of the medium, K
Th5 wet bulb temperature of the ambient air, K
Tref5 reference temperature for the enthalpy, K
Tsurf5 temperature at the surface of the two phase medium, K
Ta5 temperature of the a-phase, K
T?5 temperature of the ambient air, K
u5 displacement vector, m
va5 velocity vector of the a-phase, m s21

v?5 velocity vector of the ambient air, m s21

V5 averaging volume, m3

Va5 volume of the a-phase within the averaging volume, m3

w5 velocity vector of the internal solid-liquid interface, m s21

wsurf5 velocity vector of the two phase medium-ambient air
interface, m s21

W5 moisture content dry basis
Whygr5 maximum bound moisture content dry basis (limit of the non

hygroscopic region)

Wsurf5 moisture content dry basis at the surface of the two phase
medium

Weq5 equilibrium moisture content dry basis
x35 1D coordinate following the thickness, m
dt5 time step for the numerical resolution, s

DH ref
v 5 latent heat of vaporization at Tref, J kg21

D �HL
D 5 Desorption enthalpy, J kg21

r5 gradient operator
r�5 divergence operator
ea5 volume fraction of the a-phase
e5 total strain tensor
ev 5 volumetric strain tensor
e� 5 elastic strain tensor
k5 first Lamé’s coefficient, Pa
ka5 thermal conductivity of the a-phase,W m21 K21

k
eff

5 effective thermal conductivity tensor, W m21 K21

l5 second Lamé’s coefficient, Pa
lL5 stress viscosity coefficient of the liquid phase, Pa s
mL 5 kinematic viscosity of the liquid phase, m2 s21

y5 wetting angle, 8
qa5 mass density of the a-phase, kg m23

qvsurf5 mass concentration of vapor at the surface of the two-phase
medium, kg m23

s5 total stress tensor, Pa
s

a
5 stress tensor of the a-phase, Pa

s5 surface tension of liquid, N m21

�C5 phase average of quantity C
�Ca 5 intrinsic phase average of quantity C
~C5 deviation of a quantity C
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